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In order to utilize a parallel mechanism as a machine tool component, it is inmportant to

estimate the errors of its end-effector due to the uncertainties in parts. This study proposes an

error analysis for a new

parallel device, a cubic parallel mechanism. For the parallel device, we

consider two kinds$ of errors, One s a static error due to link stiffness and the other is a dynamic
errot due to clearances in the parts” In this study, ‘we propose 4 stiffness model for the cabic

parallel mechanism under the assuwmption that the link stiffness is a linear function of the link

length. Also, from the fact that the errors of u-joints and spherical joints are changed with the

direction of force acting on the link, they are regarded as @ part of link errors, and then the error

muodel 18 derived using forward Kinematics, Lastly, both the error models are integrated into the

total error, which is analyzed with a test éxample that the platform moves along 4 circular path,

This analysis can be used in predicting the accuracy of other parallel devices.

Key Words : Parallel Manipulator, Stiffness, Error Analysis, Position Error, Orientation Error

1. Introduction

There has been researches in which parallel-
structured mechanisms are utilized for muchine

tools. Those parallel-structured devices consist of

a fixed base, a moving platform, and more than
two serial links that form 4 closed chain and
restrict the motion of the base and the platform.
Adl of those parts constrain the relative motion
among them, so they can have higher accuracy
than serial-structured devices.

Open-chained serial mechanisms have a large
workspace and they are used for tasks requi-
ring flexible motions. However; they are greatly
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affected by inertis force, centrifugal force, and
gravity force. Also, their joint errors are accu-
mulated, which results in large efrors in the mov-
although

parallel structured device has a relatively small

ing platform. On the other hand,

workspace and little flexibility,  formg a closed
chain, and thus the errors of parts are not
accumulated.

Because of these merits of the parallel mech-
anisms, there have been many studies to utilize
them for machine tools
(1993)
tolerances,

Masory and Wang
discussed the effect of manufacturing
installation ervors, and link toler
ances 1o set up an error model of general type
{1997
developed an error model based on differentia-

parallel manipulators. Ehmann and Patel

tion -of kinematic eguations, Wang and Ehmann
(1995) investigated and proposed a modél o a
link component which has one degree of free-
dom, and induced ball
D-H transformation. Satori and Zhang (1995)

Joint errors by using
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studied a method of geometric ervor evaluation
and generalization of errors. Ropponen and Arai
(1995) presented the relation between joint dis-
placetent errors of Stewart platform manipula-
tors and end-effector accuracy.

Also, there have been studies on the stiffness
that ¢an affect the errors in parallel mechanisms.
Gosselin (1990) calculated the stiffness of Stewart
Platform under the assumption that the stiffress
of each link is the same regardless of change n
the link length. El-Khasawneh and Ferteira
{1999} studied stiffness range and direction using
eigen values. However, there have been few
researches concerning the joint clearance and
the direction of force acting on links with the
error of the end-effector accuracy. Furthermore,
on the analysis of error of the end-effector pose
on the parallel manipulator, it is really required
to synthesize the joint errors and link stiffness:
both are the main error sources of the end-
effector. Until now the research on the errors of
the cubic parallel manipulator, which includes
both the joint errors and the link stiffness, has not
been reported in the literature.

In order to predict errors precisely, we form-
ulate the stiffness of the whole mechanism with
the stiffness of each link considered. In this study,
the stiffness: of a link is obtained from material
properties of all the parts of the link under the
assumption that there is no clearance. After
achieving a stiffness matrix for the whole parallel
mechanism, one ¢an find the errors at a specific
position using Jacobian transformation and
vector caleulus.

However, in real situation, joint clearances
should be considered, since especially the clear-
arices of w-joints and spherical joints can greatly
influence the accuracy of the moving platform.
They can be determined by the force direction on
each link when the platform is driven and they
can be regarded as a part of link error.

In this study, we propose a stiffness model for
a cubic parallel mechanism using ABAQUS un-
der the assumption that the stiffness of each link
is @ linear function of the link length. Then, the
errors of the end-effector are calculated froni the
stiffness model. Alse, from the fact that the error
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of an #-joint is changed with the dirvection of
force acting on the link, we regard the z-joint
errors and spherical joint errors as a part of
link errors, and make a model using forward
kinematics. At the end, we suggest a complete
maodel that consists of a stiffness error model and
a joint error model, and show error results from
a stmulation test that the platform moves along a
cireuilar path.

2. Configuration of Parallel
Mechanism and Its Kinematics

2.1 Configuration of cubic parallel
manipulator

The parallel manipulator used in this study
is supported by three links in the direction of
Z~axis, two links in the direction of X -axis, and
one link in the direction of ¥'-axis, as shown in
Fig. 1. Fach link is composed of a ball-screw
and a nut, and is connected 1o a universal joint
and a spherical joint at its both ends. The length
of the link changes by the translation movement
by ball-screw revolution. All the six links are
installed between the base and the moving plat-
form. By changing the length of the links in the
direction of Z-axis, translation motion to the
Z-axis and rotation mwotion about Y -axis can be
achieved. With the length of the two links in the
direction of X-axis changing translation motion

A proposed cubic parallel manipulator

Fig. 1



{a) Initial state
Fig. 2

to the X -axis and rotation motion about Z-axis
can be achieved, as shown in Fig. 2. Also, with
the length of one link in the direction of Y-axis
changing, translation motion to the ¥ '-axis and
rotation motion about X -axis or about Z-axis
can be achieved.

The presented device has some different fea-
tures compared to the other types of parallel
manipulators that have been studied. Most of
all, only three links to the Z-axis mainly bear the
weight of the moving platform, and thus the
presented device might have less stiffness than
the general type of the parallel manipulator
However, by changing of the length of each link,
we cun ¢asily make the translation motions to
the three axes. In other words, if we make a
desired motion of the general tyvpe of the parallel
manipulator, we must solve the complicated
forward kinematics of the six links, but for the
cubic parallel manipulator we just need to solve
the simple arithmetic problems. For example,
to get the displacement to Z-axis of the end-
effector, we can increase the length of the three
links in the direction of Z-axis, and solve the
simple equations composed of a few trigono-
metric functions to find the changed length of
two links to X-axis and the changed length of
the Y -directional link. Thus, we can easily con-
trol the path of end-effector in real time.

1.2 Inverse Kinematics

Figure 3 illustrates some defimitions of kine-
matic parameters of the proposed cubic parallel
manipulator, Each link has a spherical joint

(b) Translation (x-direction)

-direction)

(¢} Rotation(s

Motion of cubic parallel manipulator

end-effector

Fig. 3 Kinematic parameters of a link

connected to a mobile platform, a linear actuator,
and 4 universal joint connected to the base. Two
Cartesian coordinate systems are used, the mov-
ing frame (% ¥p, 2 attached to the mobile
platform and the fixed frame {x, v, 2) attached to
the base as shown in Fig. 3. p; denotes the
position of the center of the universal joint
connected to the ™ link from the moving plat-
form. frame. & iy the rotational matrix expressing
the orientation of the moving frame with respect
to the fixed base frame.

With the rotational matrix K, #p; can be
defined with respect to the base frame.

&ng})/}i )

From the geometry of the manipulator, the
link vector g, with respect to the base frame,
is- expressed as
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a=t+si—b, o)

where £ is the position of the moving frame origin
and “b; represents the position of the universal
joint center (connécted to the 7™ link) from the
base frame center.

The Haok vector ¢y is equal to the link length
times it vector 2y in the link direction.

ge= Lz (3)

Substituiing Egs. 11} and (3) into Eg. (2}, the

following expréssion is obtained

L=t R by by {4)

2.3 Jacobian
The following equation represents the relation
between the external force exerted on the platform
and ‘the link actuator force .
Fe=]"7, r=[n, v

where the Jacobian can be expressed as

o Z‘ﬁ:,f Ew \5)

?th‘; b2y B

; %z-f“»xﬁ i(w
LE X e S X e

In Eq. (5); rrepresents the foree vector acting
on the links, and F represents forces and mo-
erits.

3. Stiffuess Error Model

The relation between the change 1 the location
of the moving platform and in the link length can
be written as

Ag=JNxs {7

where ‘Ag denotey the change in the link length,
denotes the charge 1 the platform position, and
J s the Jacobian matriz.
The actiuating force on gach link can be written
re=ding ki dg (8
where 4, denotes the stiffness of the th link: To
find the stiffiess of the th link, we make a FEA
model using ABAQUS as shown in Fig. 4. Each
tink is composed of a ball-serew and 4 nut'and is
connected 1o a universal joint and -« spherical
joint at its both ends, and the physical properiies
of one-link are shown in table 1. To find the
maximum and mhinimum stiftness, we can get the
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Table 1 Physical properties of a link
Material | Youngs modulus(E] | Poisson’s ratiols)

Aluminum T3GPa 0.33

Steel 200Gpa 0.25

el
FOPRLE v LR RTER S URERENERT §
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VERGIONL & owe s EORT TS SR ST E I T S

Fig. 4 A proposed cubic parallel manipulator

FEA result of the deformed link of minimum
tink (L=a04mm, ki==8288 % 10N/ m}

Fig, 6 FEA result-of the deéformed Hink of maximum

ik (=27 4080 2 10N m)

displacement of each link when a compression
force (210N} s applied.

Figures 5 and 6 show the displacements of each
link and also we can find the maximum and
minimum stiffness, respectively. The stiffnesy of
the th link 5 given by the following equation,
when it 18 assumed to be a linear model,

. (Lw““[u) (/C’m ‘‘‘‘‘ rzn’u)
) Ly L)

where L2 is the magimum length of the link, and

s (9

L4008 the mintmum length. %, 19 the stiffness
when L s equal 1o Ly and Apy is the stiffness
when Ly 15 equal to L

From Egs. (5) and 19), # can be expressed-as

Fe=fTdiop] kil Ng (i
where diagl f:| can be defined as follow.
ki O 0
diaglhk]= U }fg v (? et (1)
00 " f;ﬁ,
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The stiffness equation of the mechanism is
given by

F=KAx: (12}
From Egs. (6} and (11}, K can be obtained as
K=]"diag[ k] (13)

When an external force s exerted on the mov-
the link
longitudinal direction can be calculated from Eq.
(5). If the-external force and the lnk stiffness are

ing platfarm, forces acting in the

given, we can find the error of the end-effector
Axs. The deformation of the mechanism is direct-
ly influericed by the components of the stiffness
matrix. K. Consequently, Axe can be obtained
using the following equation.

Dxs=K"AF (14)

4. Error Analysis Using Forward
Kinematics

4.1 Inverse Kinematics and rotational

matrix

Inverse kinematics is posed as follows: given
the position and orientation of the end-effector of
the manipulator, calculate all the possible sets of
joint variables,

The cubic parallel manipulator consists of 6
links, each of which is connected to the base
and the end-effector, respectively. The base is
expressed with respect to the fixed coordinate
system {x, v, 2), and the platform is defined
with respect to the moving coordinate system
(%00 Yo Z0).

The rotational matrix, &, defines the orienta-
tion -of the platform relative 16 the base.

CyCp C8p8a8;Ca CrSpCaT5584
R=| s:Cs $;8582TCsCa $:8pCa—CsS¢| (15)
-7 CpSa CpCa
The rotational matrix is correct only for the
rotations performed in the following order: about
x-axis by @, about y-axis by /7, and about z-axis
by v,
Link length (L) is defined as (see Fig. 3)
L=\ gs |=| lz:|=] t + RPp:— by (16)

Equation (16) represents the /™ link length

referenced to the base coordinate system. The link
length is defined by the distance between the
centers of joints on the platform and the base.

42 Ferward kinematics

Forward kinematics is posed as follows: given
all the sets of joint variables, caleulate position
and orientation of the end-effector of the
mechanism.

Since the cubic parallel manipulator forms a
closed chain, there exist passive joints and the
kinematics can be defined by an implicit function.
This. study does not deal with the forward
kimematics of a special form of parallel man-
ipulator but tries to solve forward kinematics by
using a general method when initial position is
given.

The following implicit function can be derived
from Eq. (16).

Li—| t-+RPpi—b; |=0 (amn
and,
L=t +RPp— b T+ RPp—b=0)  (18)

By expanding Eq. (I8) and introdicing 2

sealar function, Eq. (18) can be written as

Th{ PRpi— pT PRI R pe— BT bi=0 (19)

where the subscript 7 denotes the 7™ fink. If all the

link lengths L, are given, the translation #and the
origntation X of the end-effector can be deter-
mined.

In otder to find the solutions for these non—
linear simultaneous equations, a multi-variable
Newton-Raphson method can be used if the
solutions are in the range of workspace that has
no singular points: First, we define a vector X
that consists of the position and the orientation of
the end-effector:

X={t"e B 7}V (20)

A new X can be calculated as follows:

}{nau}:"':g om“(S\){r:XWazd—“‘f”&F {21)
‘ 1Y T e e O AT
In Eq. (21}, f is defined as X and ¢F is the
<]
veetor { 8fr 0517, To caleulate By, (21). we
have to investigate the components of J,
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I
Fad
S

f““m Jo o Joo Js JslT {

oy F . - o f‘
where Ji= (@fz RER %fé . ?}’;1

Lox T gyt gz da
Adso, il £ is differeptiated with respect 10 x, v,

i
¥

and 2, the following equations are obtained

Using equations {200-(23¢), the provedure to
find a solution includes the following steps:

(D Fis caleulated with an initial value of X,
Then, J is caleulated from Bq. (220, At this time
Ly, -are the given link lengths and the intial
values are used to determine Fand F. In this case,
Flis not # zero vector,

@) Substituting the new Fand Jinto Eq. (21
gives a new X

@ Caleulate Fand J with the new X At this
time, L ure the updated link lengths, and £ and R
are obtained with the new X,

@7 A tolerance of the norm of 7 g set. I the
notr ol Fis not within the tolerance, we should
go buck to step (3), otherwise iteration is stopped,
and the final value of X represents the position
atid orientation of the platform.

(5 The recent X will be used as an initial point
for the next step.

4.3  Evror analysis considering joint
clearvances

The link length is defined as the distance be-
tween the center of the universal joint and the
center of the spherical joint that gre attached 16
the end of the link. A tniversal jointhas two rods
that are assembled into the holés, The rods rotate
inside the holes and there exist clearances between

them. Beeause ol the clearance, the center of

universil joint deviates from an ideal position
and this deviation affects the errors of the end-
effector. Because the clearance restricts the motion
of rods, the center of two rods in the universal
joint i located within a sphere as shown in
Fig. 7la). The radius of the sphere is equal 1o
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the clearance and i is denoted by s When the

platform moves, the actuator forces can be

obrdined by using Eq. (5} Also, a sphericdl joint
has a clearance that deviates {rom s ideal center
as shown in Fig. 7(b). Because of the deviation,

the motion of the spherical joint center 15 Tes-

[
£
A : ! -.E’:\mxri‘r
L 4
/ L ideal center
7 J
/ /
b f

actual center \“&«»M“WMM
{inside the sphers)

Fig. 7ta)  Clearance of a u-joint and position error

bound of the joimnt center

B

/

actual center
{inside the sphere)

Fig. 7(b)

B

Cleavance of a spherical joint and posie
tion error bound of the joint center
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trieted within a sphere with radius ¢p where the
subscript # denotes the moving platform.

At the previous research of the error of the
parallel manipulator, Tatsuo Avai and Timo
Ropporen suggested the joint errors and link
length errors could acquire the error of the

parallel manipulator. The well~known eérror
equation by them i represented ag

X =] 8L~ J:0p (24)

where fi=lg sz e ot “@%m

1 i i L{S Q | g ¥

8 iJ .

21 &%ﬁms@ &bx_[ ity

&X includes the position and orientation errors
that are represented as 06X vector, and J
includes &7 (anit link length vectors) and the
cross product of (5,€2) 7 45 6 X6 square matrit,
ol; s the link length error represented @s 61
vector, and Jfp includes 27 R and —27 expressed
as 6236 matrix. Bquation (24) mesdns that we
can find the 6 errors of the end-effector {3 posi-
tion errors and 3 orientation errors) by S5l {the
link length error) and 8p oint error). However
Eg. {24} would not be the exact results because
the range, direction and magnitude of the joint
errors should be assumed. But we suggested the
following model 1o {ind the much more accurite
error model. Whern the platform moves, the each
link have the compression force or tensile force
along the link length direction, and the force will
determine the size and direction of joint errors if
we know the maximum clearance of the universal
joints and ball joints.

The relationship between link force (#) and
actudl link length (/) can be expressed

1D When 7 has (+) sign,

P
L

Ceoe = { + ) Cpdy Cps= ) Cpiiy

: : (25)

Lo i+ {5+ Cpi

@) When has (=) sign,
Copr={§ Cur, Cpsre= {F) Cpzus (26)

[‘m‘ = im - (C&‘ o @,ﬁ:’

where, Cuyr 18 the motion error vector of &
universal joint on the base platform, the ¢pgs is the
motion error vector of a spherical joint on the

moving platform and where Ju is an actual link
leagth -and. Ly is & nominal link length. And the
signiof pgives a Criterion whether it is a rensile or

comipression force and it affects the joint error.
The joint errors can be regarded as the part of
the link length errors because the directions of the
joint errots dre the same as those of link length
directions. With all these results, we can verify the

following equation.
o T o T
Konew= Ko~ 06X, (27)
If joint errors are the part of the link errors, 8p
will be zéro. Then we rearcange Eq. (27) 4
Jsgnewm}(r}m - c?XmXom . f . Ei&[{
= Now—J

That-is, the actual link length depends on the

direction of foree acting on the Hnk.

The u-joint clearance and the spherical joint
clearanice, which are located on both énds of each
link, are included in the link error terms and it
changes the third step () for finding the solu-
tion of the forward kinematics: the reul link
leagth {/x) shoild be substituted into L. After
this modification, we can find the exact. actual
position and orientation of the end-effector.

At the stated thied step (D), we substitute into
Ly with fuy to find the nominal position and
orientation of the end-effector, which does not
contain any errors. As such, the difference be-
tween the nominal position (and orientation) and
the actual position {and orfentation) is the error
of the end-effector. The result can be expressed as
follows.

AX={At"{Aa Ap Ay}T) (29)

Since the errors dueto link compliance {Ax; in
Eq. (14)) and joint clearance (AX in Bq. (29))
are. indepeéndent other, both can be
combined and the total errors of end-effector van
be represented as follows.

AXiormr=Bxs+AX (30)

each

5. Case Study

A simulation test is ‘performed with the cubic
parallel mechanism. The parameters are given in
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Table 2, Table 3, Fig. 8, and Fig. 9.
Al the first test, the platform iy driven along a
cireular path. (radivs of 10em) with a constant

Table 2 Kinematic parameter values of cubie
parallel mechanism

Weight of platform 47.068N
Cutting force {~z direction) SOON

Clearance of u-joint HTH
Buck-lash error of ball-screw Ogem

Table 3 Coordinates of joint centers
Parameter  Coordinate | Parameter | Coordinate
Bl by o ) 1 Lh, -, 0
B2 (b a0 P Lh. g, )
B3 {~b, 0, 0} P3 (b, 0, 0)
B4 (~¢, ~€, &) P4 te, ~e, ~d)
B Ps &, ~id}
Bo P6 W g

a==U46m, Fe=000, o=0198m, ¢=02700m, ¢=00585m, 7=0205m
o130, cpe 000000, Ge00000Tm,  ze=0.030m, 2==0.130m,
= 280

Fig. 9  Error ranges of spherical joint centers on the
platform
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gentrifugal aceeleration of 10rad/sec® on 4 hori-
wontal plane  of  z==410mm.

The errors are
analyzed by considering the directions of actuator

link forces. Figures 8 and 9 show the locations
of the universal jointy and the error spheres.
The variables, @, b, o, d, e f & ¢o 2 3
and 2z can be changed according 1o destgn. Then,
the magnitudes and directions of forces can be
obtainied 4% the platform i moving counter-
clockwise along the circular path and the results

&y
2
Q}
.
gt T Fixid kb AL
Arghsl Degree]
Fig. 10 Actuanng link forces
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.{f
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o 1 e ik Y ] REG Fow w5y BOG
Anglel "]
Fig. 11 Position errors by static actuating force
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Fig, 12 Orlentation errors by staue actuating Torce
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are shown in Fig. 10, From the result of Fig. 10,
we can find the u-joint errors and they can be
substittited into Egs. (23) and (26) to obtain the
fink length ervors.

The acquired valugs are substituted o Eq.
(197 ~Eq. (21} and iterations dre carried out
unitil the result converges 1o a certaim lmit. Then,
the errors of the end=elffector that 1§ composed of
Juint errors ¢an be obtained.

The next step is to find the errors due 1o the
stiffness of tinks when the platform s moving

1oy
fll"‘““
) ; | S PRE—
5. 1 '
H i 1
T ot \
=
£
[
W A {
| &
et ‘“s‘u&nt‘ ‘
}llﬂ“lﬁ‘l
EET e P
S0 80 100 150 P00 950 300 350 400
Angle[Detree]
{a)  Position error [Ax)
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N R SE Y.
ERGE R — ;
ol K BESEEPHS R
2.ain®
T orong? b E
g ]
b PR
144
AOET G SRR EY
. vnanes
#2017
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TR
Cl DA H U
jod
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i
ER LA
64
. : s y
=1 3 B T 155 FOU rEdig Fo a0 BN
Angleileygree]
(¢} Position error [Ag)
Fig. 13 Total position errors due to link stifniess and

Joint clearances

They are referred as static errors-in this study. At
first, the stiffness values of a link are found which
includes - all the wmechanical elements, such as
ball screw, out, and cylindrical cover by using
ABAQUS. The maximum stiffness s ;=8 288X
10N m ar 27.9cmi~Tength of link, and the wmini-
mrum stiffness 1y Ar==4.0803 10N /m at 40 4om-
length of link.

Next, the stiffness matrix of whole mechanism
iy caleulated drom Egs. (10)~113), and sub-
stituted info Eq. {14), leading to the error of the

T s
’Y'V“’V""VV‘V
.
. s
B.0x10° %wvﬁwvfy f
3 |
S D |
& I |
oy ;
i i :
g i FEECTTETE
z
| /
. EEEE T
o L
214 ¥ kit 100 5 O 250 JULy B #OY
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FE T -
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=
@
o
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et
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B
SRR
1
w5l & 30 g3y 158 200 YHE A HEW #08
Angle{Degreel
(b} Orientation error (A#)
LR O
¥t
RN TSUAS
B et
o
S i
§ B AT T
{1
<1 -
g
~ER & SX(Y B Y 20U B F kg UG
Angla{Degres]
(¢} Orientation error (Ay)
Fig, 14  Orientation errors due 1o Hnk stiffness and

joint clearances
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end~effector. These results are shown in Fig. 11
and Fig. 12, As we can see, the error change is
inversely proportional to the stiffness of a link in
each direction, The largést v position error (Ay)
is-located at 270° and the largest y orientation
error (AfF) is located at 1807,

Lastly, after combining the static and joint
errors, we can find the total position errors and
orientation errors in the direction of each axis as
shown in Fig. 13 and Fig. 14. The fourth and fifth
tinks influenceé the x=direction puosition efrors
(D,

carries on cireular motion. Thus, the values rap-

when the cubic parallel manipulator
idly change at the angles at 90" and 270" where
the direction of force changes. Also, the sixth link
ifluences the y=direction position errors (Ay)
and the errors rapidly change at the points where
the-direction of force changes. The first, second,
and third links influence the z-direction errors
(Az). The errors rapidly change at the angles of
90°, 180°, und 270°, where the directions of the
forces acting on the first, second and third links
change, respectively.

Asg Tor the orientation errors, the direction of
each link 4s very important. The d-directional
erientation errors (A} are mainly inflienced by
the first and second links. The y-directional ori-
entation errors {AF) are primarily affected by the
first, second and third tinks. The z-directional
orientation errors {Ay) wre mostly influenced by
the fourth and fifth hoks

A noteworthy point is that the values of the
static errors, which are obtained from the link
stiffness, are very small compared to the joint
errors. This implies that the errors in joints are
dominant than others.

6. Conclusions

Errors in the parallel manipuldator are classified
into two types: the static errors due 1o link
stiffness and the dynamic errors due to joint
¢learances. In this study, the static errors arg
caleulated from the link stiffness in any orienta-
tion of platform. Secondly, we find the equations
of variable errors by the link force. Then, we
synthesize all the egquations fo find complete
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equations for the errors of the platform. Con-
clusions obtained from the simulation results are
summarized as follows:

{1} The position errors and orientation errors
are affected by the direction of link forces.

{2} The changes of errors mostly eccur at the
positions where the directions of exerting link
forces shift.

{3} The position of each link and its configura-
tion of the parallel platform determine the
Mmaximunm errors:

(4) It can be considered that the errors of the
end-effector due to link stiffness are relatively
small compared to- the joint errovs,

The presented analysis method can be also
utilized 10 predicting the accuracy of other types
of parallel devices.
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