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In order  to utilize a parallel mechamsm as a machine  wo l  c o m p o n e n  L i t  is i m p o r t a n t  {o 

est imate the errors  o f  k s  e~d net]ix:tar d~e ~0 ~l~e m~certamties h~ paris  Th i s  s tudy  p roposes  a~ 

error analysis  for a new para/let  devine, a cubic p a r a l i d  m e c h a n i s m  F o r  the paralWi d e v i c e  we 

cons lder  two  k inds  of  er rors  One is a s ta t ic  e r ro r  due  to link sfifl}~ess and ~he other  s a d y n a m i c  

error  due  ~o c learances  in the parts:  In th is  s tudy,  we p~opose  a stit~hess m o d e |  fb~/t!ae cubic  

paral lel  mechanism under  Unto a s sumpt ion  that  ~he I n k  s f i t~es s  is a l inear N ae t i o n  oF dan i lnk 

l en~b ,  Also,  from the  fhct U~at the errors O~ u joints  and SpheHcai jo in ts  a re  changed with ~he 

direct ion o f  tbrce act ing o n  the l ink ,  they are regal:deal as  a part  Of Unk errors,  and U~en ~he error  

mode1 Js der ived u s i n g  ~ r w a r d  k i n e m a t i c s  Last ly;  both U,e e r re r  models are integrated i m e  t}ie 

total e r r o r  w h i c h  is analy~ed wkh  a test e~ampie  t ha t  ~he p /a t lb rm m o v e  a long a circular  p a t h  

This  a~alysis can be used in  pred)cf ing the  accuracy e f  odxer para l le l  devices: 

Key Werds: Parallel  M a M p u l a t o r  Stiffness, Er ror  Amdysis  P0slti0,~ E i r o r  OHentati0~t Era:or 

L Introduct ion  

Fhere has neon researches m which eara iJeb 

sJruciuiuu paecJlarllsnls are ml}ized i;or machine 

tools. ~ hose rural}el s t r n o u r e d  devices c~ nsis~ ol 

a Oxed base. a moving plat torm, and more  ~han 

~w~} serial | inks  d~at tbrm a closed chair  and 

restlic~ ~he m ~ o n  o f  tl?c base and the nlat |orm 

All o |  qrose parts const ra in  the relative m o m m  

:m~ong them. so [he} can tlave Msner  accm'acy 

[finn gertal--.~t~ uctured devices. 

Opex~ chain{u serial mechamsms  have a mrs 

workspace  amt they are t~sed ~b~ tasks ~eou> 

rma flexible motions.  | |owever_ they are great/3 

{ '~ ~'>pona m g  ~ g~ }'/01'. 
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aftk'cted ~-y mercia ~orce cemrm}ga/ b rce  a0d 

gl-av/[v ~orce Riga. U~O~F jom~ errore are accu.. 

muiated which resul'~s m large errors m the m . . . .  

mg  phdlorm ~m me other  ban,,  mn o u g h  

parallel smicmre(~ device has , reqahve,y ma/~ 

wor~soace and [iU/e flexibility, it l o r m s  a c[ose~ 

chain :rod thus the errors o~ par~s ~re nm 

accumulated 

Because o f  these merits of ~ U~e parMle~ mech~ 

!raisins ~here have been man? studies {~ mmze 

Ulem ~or machine  too|s .  M a s o f  a~u Wa~e 

D)93 discussed ~he efl?ct o~ manumcmrm~:. 

/olerances.  rosin,[arian errors, an(:~ hnk ~o~ei,~ 

ante-  to se~ m~ a~ error  model  : -  genera{ ~3 ~: 

parallel mt~/pu|a~ol\~. F hmann  and Pate |  1997 

developed ar~ m r o r  mode/  based on dff~SremL,- 

~ion of  k inemat ic  equaOons.  Wang and h h man n  

{JDqq rwesugaled and proposed a mode.  on ,, 

link c o m p o n e m  which has one degree of  ~}ee 

dam.  and reduced  bah ~om~ errors hv usm 

D-I{ ~ranslormaHon Satort ;rod Zhanv Iq~)q 
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s tudied  a me{hod o f  geotnmr~c e r ro r  e v a l u a t i o n  

and  genera l i zmio~  o f  e r r o r s  R o p p o n e n  and  Ara i  

t995~ presen ted  the  re la t ion  be tween o i l  d,s- 

c4acemem e r ro r s  o f  S~ewart p l a t fo rm  m a m p u l a -  

to t s  and  en&-effector  accuracy  

~lso .  fl~ere h a v e  been s tudies  on  the st iffness 

tha t  can aflee* {he e r r o r s  m paral le l  m e c h a m s m s .  

Gosse l i~  /990 ca lcula ted  ~he st i ffness o f  S m w a r t  

P~atli>rm unde~ the  a s s u m p t i o n  ~ha~ the stifli~ess 

o f  each /mk  ~s ~he s a m e  regard less  o f  c h a n g e  m 

the l ink length. E t - K h a s a w n e h  and Fer re i ra  

I999 s tud ied  s~ifli~ess range  and d i rec t ion  usi~ g 

eigen values,  t toweve~ there  have been lk:w 

researches  c o n c e r n i n g  m e  ~om~ c learance  and 

~he d i r ~ u o n  o f  force  acn~g  on l inks w~tl~ ~he 

erro~ o f  the end--effector accuracy  V u r t h e r m o r e  

o~ the anal? sis o f  e r ro r  o f  the  end--elK~ctor pose  

on ~he paralle~ manipu la to r~  /~ ~s real ly  t e q m r e d  

[o s3nihesize [he j o l t  e r ro r s  and l ink s~iffness: 

b o t h  are the  mare  e r ro r  s o l v e s  of  the e n d -  

efl~ctor. U m i l  now the r e sea rch  on  t he  e r r o r s  4 

tt~e cubic  para l le l  m a m p u t a t o r  which  inc ludes  

both  the j o in t  e r ro r s  and  the  I ink s{fffl~ess. ~as no t  

been repor t ed  m ~he l i terature.  

h'~ o r d e r  ~o pred~c~ e r ro r s  precisely,  we ~ormo 

ata~e the s t i ffness of  the  w h o l e  m e c h a n i s m  w~th 

the  s~iffness o f  each l ink  eonsidered~ ~n fl~is s tudy.  

the stiff-hess o l  a l ink ~s ob{ am ed  l i o m  mate r ia !  

p r o p e m e s  a~ all ~he p a n s  o~ d~,e link u n d e r  lhe 

a s s u m p t i o n  tha~ ~here is no  c learance .  Alier  

a c m e v m g  a stiffness mat r ix  for  the  w h o l e  paralte~ 

m e c h a n i s m  one  can  lind the e r r o r s  a~ a~ s p e c m c  

p o s m o n  u s m g  .~acobmn t r a n s l b r m a t i o n  and 

vector  ca~cula~ 

H o w e v e r  m real si tuation_ j o i m  c~earances 

~hoald be cons ide red  s m c e  especial ly fhe clear-  

a n t e s  o f  ~ i o i m s  and  spher ica l  j o l t s  can  greatly 

inf luence the accurac2y o~ the m o v i n g  p la t tb rm.  

They  can be  d e t e r m i n e d  by the force  d i rec t ion  on 

each / ink  when the p l a t fo rm  ~s d r iven  and  ~hey 

can be r ega rded  as ~ par t  o f  l ink  er ror .  

|n  th~s stu(ly, we p r o p o s e  a stfflhess mode l  ~o~ 

a cub ic  paraUe[  m e c h a n i s m  ~ismg A B A Q [ J S  m~- 

der  the a s s u m p t i o n  ~ha~ ~he stiffness o~ each link 

is a Hnear  f u n c t m n  o f  the Hnk length '}-'hen the  

e r ro r s  o f  ~he end-e f f ec to t  are ca lcu la ted  ~?or~ ~he 

st i l lness m o d e l  Also.  f rom the ~i~ct ~ha{ the e r r o r  
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o1 a~ f~ onr t  ~, c h a r g e d  wi th  the  d~rec*ion of 

lk)rce ac~H~g o~ {:he link we  regard  the e~-mcm~ 

e r r o r s  and .~pherical l o m t  e r r o r s  as a pa r t  o f  

link errors ,  a n d  m a k e  a mode l  u s m g  / o r w a r d  

k m e m a d c s .  A t  the enn_ we sugges t  a c omp le t e  

m o d e l  flta~ cons i s t s  o f  a st iffness e r ro r  mode l  and 

a j m m  e r r o r  mode]  and d~ow e r r o r  resuHs I)~om 

a simula~~on tes~ ~hat the p l a t fo rm m o v e s  a l o n g  a 

c i rcu la r  pa th .  

2. Conf igurat ion  of  P a r a l i e |  

M e c h a n i s m  and its  K i n e m a t i e s  

2A Configuration of euNc paralld 
ma~ipulator 

T h e  paral lel  m a n i p u l a t o r  used m this s tudy 

~s s u p p o r t e d  by three  Hnks in the di rec t ion  o~ 

Z axis, ~wo [inks in the  d i rec t ion  of  X - a x i s .  and 

one link m the d i rec t ion  o~ Y - a x i s  as s h o w n  in 

Fig, I, Each  l ink ~ c o m p o s e d  of  a b a t F s c r e >  

a n t  ,~ n m  and  is cormec~e6 ~ o .  anlversa{ jom~ 

and  L spher ica l  iom~ a~ its bo~h ends.  T h e  l eng th  

oF ~he link change s  b> the  t r ans l a i i on  m o v e m e n t  

by b a H s c r e w  re~o ln l ion  All the six Hnks are 

ms ta l l ed  be tween {he base  and  the m o v i n g  p[at- 

{k~rm B~ c t langing the length o f  the l inks  in the 

d i recHon o{ ]3~ar t r a n s l a t i o n  m m ~ o n  ~( m e  

Z - a x i s  and  ro ta t ion  m o t i o n  a b o m  Y--axis can be 

achieved With  the length  o f  the  t w o  l inks  m ~be 

d~rec{ion o f  e~(--axis c h a n g m g  ~ranslat~on m o t i o n  

tqg, 1l ~ pror~osed cable ~ ~raHe! mameu~ator  
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a In i t ia l  s ta te  ~ Trans ia l ion  x -d i rec t ion  c Ro ta i l on  x refect ion 

Fig. 2 Mot ion  of  cubic  para{le/ mampu[ato~ 

lo  d~e X a x i s  a n d  ro~at ton  mo~ion  am~a~ Z*-ax[s  

cat  be a c h i e v e d ,  as s h o w n  h F i g  2. \ iso_ wi{h 

m e  l eng th  o~ o n e  l i n k  m t h e  du~ec~ton ~d Y~ax i s  

cnan~,mg.  ~ r a n s l a t i o n  r n m i o n  ~o the Y - a x i s  a nd  

r o t a H o u  mo~ton  a b o u t  X--ax~s or  ~bout ~-~axis  

car~ be  a c h i e v e d  

Fhe  p r e s e n t e d  o e v t c e  aas  s o m e  d H l b r e m  tkea- 

r a r e s  c o m p a r e d  m the  o t h e r  types  o f  p a r a l l e l  

r n a m p u l a t o r s  lha l  h a v e  b e e n  s t u d i e d .  Mos~ o f  

aH o n l y  ~hree l i n k s  t o  the  Z - a x i s  m a i n l y  bea r  t he  

w m g h t  o f  the  m o v i n g  p l a t f o r m ,  a n d  ~hus the  

o r e s e m e ~  d e v i c e  r m g h t  h a v e  less  s t i f fness  t h a n  

fl~e gene ra t  t y p e  o f  the  p a r a l l e l  m a n i n u i a t o r .  

~ o a e v e ~  hy c h a n g i n g  o f  lhe  [ eng lh  o f  each  l ink 

we  can  eas i ly  m a k e  the t r a n s l a { i o n  m o t i o n s  m 

file f l t ree  ax~:.~ in  o t h e r  words ,  d "~e m a k e  

des i r ed  m o r t o n  o f  fl3e g e n e r a l  ~ype o f  t he  p a r a l l e l  

r n a m o u l a l o r  we m u s t  ~o~vc ~he c o m p l i c a t e d  

~orward  k i n e m a t i c -  o~ the  six / ink~.  b m  [k~r ~he 

cubt~ p a r a l l e l  m a m p u l a / o r  wc j u s t  need  | o  s o l v e  

the  s h n p / e  a r i d m 3 e f i c  o r o b i e r n s  F o r  e x a m p l e .  

m ge~ ~he d~sp~acemenl  to  r o f  t he  end 

eiJec~ol we  c a n  m c r e a s e  the  l eng th  or the  l n r e e  

h n k s  m {:he d i r e c t i o n  o f  Z - , a x i s .  a n d  ~o{ve the  

smtp~e c , m a ~ i o n s  : o m p o s e d  o~ , few ~r~gono- 

me t r i c  t u n c ~ k m s  [o Imd  ~he c h a n g e d  l e l lg lh  o f  

t w -  i n k s  to X ~ a x i s  a nd  ~he c h a n a e d  len,~th ot 
m 

t~3~: }~ d [ r e c t i o n a t  I n k  T h u s .  ~ e  c a n  eas  1)/ con-. 

~ro[ ~he pa th  o f  end  eff}c~or ,n real  1H73e. 

2 . 2  i n v e r s e  k i n e m a t i e s  

b i g u r e  a tHus~rams s o m e  d e l i n i f i o n s  o f  k m e -  

n3at~c p a r a m e t e r s  of" fl~e p r o p o s e d  c u b i c  p a r a l l e l  

m a m p t d a ~ o r  Each  I n k  has  a s p h e r i c a l  ~omt 

fP 
end~-etfecT 

q~ \ '\,,\ 
IK1K ' \ \  :: 

Fi~ .  3 

{8} / . /  

Kinemat ic  parammers  o~ a l ink 

c o r m e c / e u  ~o x~ r n o b d e  pRaflk3rm a h n e a r  a c t u a t o r ,  

a n d  a m m  ersa~ j o t m  c o n n e c t e d  ~o t h e  base.  f ~ , ~  

k a r ~ e s t a n  c o o r e m a t e  sv smn l s  a re  used he m o w  

m g  l r a m e  ova. w,. a t [ ached  ~o ~he m o b i l e  

p i a t i b r m  and  t he  f ixed  f r a m e  :v . . . . .  a l t a c h e d  ~o 

m e  ba:,c ,,~ s h o w n  m F i g  ~ >7~ <1chores ~he 

t~,,sifion ~ the  c e m e r  ,,, ~he u n w e r s a l  i o m ~  

c o n n e c t e d  lo  t i le  t~: ~ink t )om ~he m o v i n g  p u-. 

{brn3 />ame [i3 is 1he ro~a{mnal  m a u q x  e x p r e s s m g  

file o m e m a l / o n  o f  fl~e m o v m g  J )ame  w~th resoec~ 

to rite f~xed b a s e  ~ramr 

V,~i~h {he r o t a t m n a l  m a t r i x  [~. "Pi can ~e 

d e f i n e d  w n h  r e s p e c t  ~o the base  ~ramr 

r = [{~vp i 

[ - rom the  g e o m e [ r y  o~ ~he m a m p u l a t o r  m e  

h n k  v e c t o r  (/~. w i t h  respec~ ~o [[?e base  l ran  ~:-. 

~s e x p r e s s e d  d~ 
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g~ = l ++ >:+"+" b+L' 2 / 

w h e r e  t i s  t h e  p o s i t i o n  o f  t h e  m o w n g  t ? a m e  o r i g i n  

a n d  be r e p r e s e n t s  +he p o s i t i o n  o f  t h e  un ive+ ' sa~  

o in+  c e m m '  c o n n e c l e d  m t h e  /+> linl< +}ore t h e  

b a s e  [ F a m e  cen l e r+  

T h e  l i n k  v e d o r  +~+++ {s e q u a l  t o  t h e  H n k  l e n g t h  /. 

a m e s  u m [  v e c t o r  z~ m t h e  h n k  d h ' e d i o ~ ?  

:g, := 1,.2~ 3 

S u b s H t m i n g  Eq~ .  | a n d  {3 m~o F q  2 . H~e 

+ h i | o w i n g  e x p r e s s t o u  ~s o b t a i n e d  

/.L:::::/5 N"] ....... ~' 4 

2 . 3  J a e e b i a n  

T h e  i ~ H + o w i n g  e q u a t i o n  represem.~ ,  m e  r e b m o n  

n m w e e n  I n e  e x [ e r n a ~  ~ o r c e  e x e r t e d  o n  d~e r>la+Ibrm+ 

a n d  t+,~ + / i n k  a c m a + o ~  ~ o r c e  

F : ,  .l r, z,-} a+ s,  ++. ~+, 
q 

w h e r e  t h e  J a c o h i a n  car+ b e  exoreS.~,ed +me 

In  E q .  5}. r r e p r e s e m s  {he  + o r c e  v e c t o r  a c t i n g  

o n  t}~e h n k s  and  /+" r e n r e s e m s  b r c e s  a n d  ++-,+ 

m e r e s  

3+ S t i f f n e s s  E r r o r  M o d e l  

T h e  r c ] a I i o n  b e t w e e n  l h e  c h a n g e  m ~he  I(~c; t~o~ 

. , f  t h e  m o v i n g  p l a M b r m  a n d  in  t h e  } ink  + e n e i h  c a n  

b e  w r y + t e n  ~s 

Zkn / ~.v<,, 

w h e r e  ~+++ d e n c n e s  d~e  c h a n g e  i n  ![he l i n k  [ e n g d L  

d e n o t e s  l h e  c h a n g e  / n  t h e  p | a [ i o f H /  pUhH~U I. a r i d  

] s h e  J a c o b { a n  mau++x. 

T h e  a c t u a + m g  I o r c e  o n  e a c h  l i n k  c a n  b,.: w r m e +  

a s  

r .::+ <] e<~ ~gm { ] : "  ~ ' 5  v ' ' 

w h e { e  ~ d e n o t e s  {lie +Hfl 'ness o~ m e  m h n k  T o  

Kind t h e  s~ i f fnes s  o f  {he H~ lin~ w e  m a k e  a b P A  

m o d e l  u s i n g  A B A Q U S  a s  sh~P, v n  m ~{g_ 4,  Each  

+ink  L,, u o m p o s e d  o f  a b a h  sc re ,~  a n d  a n m  a n d  +, 

( o l l n e c i e d  [ 0  + u m v e r s a {  ~ o i m  m d  a s + m e r l c a [  

l o i n {  a~ H s  b o + h  ends+  a n d  ll+~e p h y s i c a l  p r o p e r t i e s  

O~ o n e  t l | l k  a r e  ~ h , ~ w n  i n  a n n  + [ O  l{Y+d Hie  

m a x i m u m  a n d  m i n i m u n ~  .+;tiffness w e  c a n  >e t  ~he 
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f a b l e  I P h y s i c a l  p r o p e r H e ~  o f  a HI-]~ 

\4a~e~ ,,i Y o u r ~ , ' s  )s~od[~h{s [ PO[sso[Fs r a H o  

A + u m i n u m  - .~viPa )+33 

SteeI ~(}0G +~+~ 0 ,25  

['i~+ 5 b [ : A  re,~u/t o l d ,  e r i e * B r i n e d  Hnk  e f m i m m u n  

}ink / , : - a 4 o 4 m m  : :g_2gg}•  H}"N 

Fig .  o b }IA f ' e suh  o{ {he d e [ o { m e d  b n k  o f  m a x m m n  

h n k  ++. :~ 2 7 9 m m  ~ -, ~ u,'>~ ++V"N m + 

d i s p + a c e m e n ~  o f  e a c h  H n k  w h e n  - omp~es> .+on  

~ o r c c  r  +. o p p h e d  

F ~ g u r c ~  5 a n d  o q ~ o g  8~e d ~ s p I a c c m e ~  {s o~ e a c h  

h n k  a n o  M s o  w e  cu~ ' l nd  Hic n+{• an{ 

m m m m m  s t i l l h e s s  ~ee.Dec~ve~y_ ~ h e  ~Hf!nese,  ,, 

m e  [1~ u n ~  ~s g~ve~ b} H m  R ) l l o w + l  e u  ~ a H o n  

~,+~:u +~ ~- ~{ssml~ecl [ o  b e  HBeaF  } n o d e l  

L ~ " L  4 " s ' ~ .  
t, <{:*, 

L + - + L +  

w h e r e  [ m e  m a x m m m  l e n g t h  o f H ~ e  H n k  an+~ 

L +  ,-  [ h e  n}mm]um l e n g t h  R +. l h e  q J d f n e >  

w h e n  I i s  e c u a l  {o I , .  a n d  * ~ m e  ~HfFnes> 

{ r o m  I:x s+ (5)  am~ / ; ' c a n  ~-,,e e x o r e s s e d  as 

~ ne~e  di< ~.** 4r ca++ cw d e f i n e d  b / / o , ~  

H 
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T h e  stifff~ess e q u a H o n  o f  m e  m e c h a n i s ~ ' ,  is 

g w e n  h\ 

F =- K A . , ,  ( 12 

F r o m  Eq , .  am~ ~ / K can  be o b t a i n e d  a t  

K =/~dia r  ~:~ 

W h e t  m e x t e r n a l  f b r ce  is exe r l ed  on  the  n ~  

infe p m H o r m  the h n k  ~orces a c~mg  ,n H?e 

l o n g ~  ~dmal  d i r e c t i o n  ca)) be c a l c u l a t e d  f r o m  Eq,  

/ I  the e x t e r n a l  l b r ce  a n d  the  l ink  s t m n e s s  a r e  

g~vem we can  f i nd  t he  e r ro r  o f  t h e  emv--ef teetor  

~ x . .  T h e  d e f o r m a t i o n  o f  t he  m e c h a m s m  ix d i rec t -  

/v i n f l u e n c e d  by the c o m p o n e m s  o f  ~he s t d l n e s s  

m m r i x  P( ( ' o H s e q u e n t l y ,  A.v~. c~m be o m a m e d  

u s i n g  the  t o l l o w i n g  e c m a H o n .  

A:r .... K~ ~AF ~4 

4. E r r o r  A n a l y s i s  U s i n g  F o r w a r d  

K i n e m a t i c s  

&/  i ~ v e r s e  k i n e m a t i c s  and r e t n l i e n a l  

m a t r i x  

Inve r se  k i n e m a t i c s  ~s nosed  as fo l io ,a, , ,  g~ven 

m e  point ,  on  a n d  o r m m  a t i o n  o t b h e  e n d  ef i~ctor  o f  

the m a m p u l a l o ~ ,  c a l c u l a t e  a l l  t ~e  p o s s i b l e  se~- o f  

.inure ~,ar)a b b s ,  

Fhe c u b ~  pa r a l l e l  m a n i p u l a t o r  c o n s m t s  o~ f, 

~ n ~  eacn  o f  w h i c h  ,< c o n n e c t e d  )o t h e  base 

.... d d~e e n d  eflL'c~or ~espect)vely  T h e  na se  ~s 

e x p r e s s e d  wHh re>oct> {o l he  l ]xed c o o r d i n a t e  

vs [ em v. ~,. ~, a n d  the  r~/atlbrn~ ~s d e f i n e d  

wHn respect  ~o the  m o w n g  c o o r d i n a t e  s ) q e m  

Lk V~, 471.) 

The  ro~aHona l  m a t r i x .  ]{>. b r i n e s  )t>e o r i e m a -  

Hen  of  ~he p l a l f iwm  re laHve ~o t h e  base ,  

S~Cee S>SaS. l C r C a  S r S ~ } C a - C r S a  (15 

T h e  r o t a t i o n a l  m a t r i x  is c o r r e c t  o n l y  for  the 

re>ar ie l , s  p e r f o r m e d  in  t h e  ~Bl lowing o rde r :  a b o m  

~r*-axis b y  gg, a b o u t  y - a x i s  b y  id, a n d  a b o u t  ;.:: ax i s  

by  7, 

l a n k  l e n g t h  ( L~ )  is dd ]nec t  as (see Fig.  3) 

k : : !  ee< = t  lee, l :t I+A>:'/>,-D~ 1 (~<,) 

[Tq/Jation (16) r e p r e s e n t s  d>e 7 ~h /h~k l eng t h  

r m e r e n c e d  t o  t he  ba se  c o o r d i n a t e  sy s l em.  Vhc l ink  

l eng th  ~s d e f i n e d  by the d i s f a n c e  b m w e e n  the  

ce r . e r~  o i  j o i n l s  on  ~l>e p l a t f o r m  a n d  the base .  

4.2 Forward  k i n e m a t i c s  

b o r w a r d  k i n e m a n c s  i.<~ p o s e d  as fo l lows :  g , e n  

all  1he sets  o f  [ omt  v a r m b l e s ,  a n j o u | a l e  pos i t~on 

and  o r i e n t a t i o n  o f  t he  e n d ~ e f i e c l o r  o f  fie 

mechan  i sm  

S ince  the c u b i c  oa ra I le l  m a m p a l a t o r  ~<)rms a 

c losed  c h a i n ,  t he r e  exis~ pa s s ive  l om~s  a n d  m e  

k i n e m a t i c <  c a n  be  d e f i n e d  ~y an  imF hc l t  f u n c d o n  

T h i s  s tud> d o e s  n m  dea l  wi th  me  l h r ~ a r d  

k i n e m a t i c s  o~ a s p e c m l  t e r m  o f  pa ra l l e l  m a n  

~p~Hmor b n |  G~es to s o l v e  l b r a  a rd  k m e m a h c s  by 

u s i n g  a g e n e r a l  m e t h o d  w h e n  in i t ia l  posn~o~ ~,, 

gi yen 

T h e  l b H o w i n g  m~p | i c i t  t ime>ion  c a n  be de r ived  

I.~ 14 R * h , - - - b  = o  17~ 

a n LIe 

L,, ( l f  ii>~,)~-b ~(t t RQ>r---b,='O i~s 

B~ e x p a n d m ~  tLq, /8 a n d  m t r o d u c m ? ,  a 

sca la r  f u n c l i o n  Eq I8 can  be  wr i t t en  as 

/ 7 = L  " - t ' t - - 2 t r R  ~ ) ~ t 2 t r b  f 
IU 

21> T PRI~c t~. "I?rRl*'- b, rb,  ='::" 

a, h e r e  the  ~ u b s c r m t  i d e n o t e s  t h e  i '~' l ink .  I f  all the 

h n k  ~eng/hs l ~  a r e  g w e m  the  t r a n s l a t i o n  < a n d  d~e 

o r s e m a t ~ o n  A* o~ t h e  e n d - e / ~ : c t o  c a n  r~e d e ~ e r  

m~ned. 

In o r d e r  [o Imd  the  s o l m i o n s  (or  t he se  non 

linea~ ~ i m u h a n e o n s  e q u a H o n s ,  a m u l l i  v a r i a b l e  

N e w t o n  R a p h s o n  m e t h o d  can  be  u s e n  d d~e 

s o h i l i o n s  a rc  in t h e  rm)gc  o f  w o r k s p a c e  tha t  h a -  

n o  s i n g u l a r  pomps  }-'irsl we de f ine  ,, vec~,-  X 

t h a i  c o n s i s t s  o f  t h e  pos//~o~l a n d  t h e  o r i e n t a l i o ~  o |  

ti~e end  - e l ]bctor .  

X = {  P {  o d ;< } " } "  (20) 
A n e w  X cat} be  c a l c u l a t e d  as  t b l l o w s :  

x,,,.~. = x<., , ,<,  - a x  ::,-x<,.-J~" a F  (21 ) 

In  Eq.  (21) ,  ] is d e f i n e d  as  a n d  ~[;" is l he  

v e c t o r  { ?)f~...e~./~}r T o  c a l c u l a t e  Eq .  ( 2 / ) ,  we 

h a v e  1o i n v e s t i g a t e  the c o m p o n e n t s  o f  J ,  

Copyright (C) 2003 NuriMedia Co., Ltd. 



. I = I / :  A, ] ],~ ~ I,< 2 2  

where ~,I~ : ~.:: {,~, s s  t[s163 ?s 

A : s o  ~ ~ :s dif tbrendated w:~h ~especl :o : v. 

: : l i d  ~ .  l h e  ~ J { O W l h  N ~?: ua~o:~s i r e  o D t a } d q e , ~  

,I+ 

& 
r V 4 , ~ r  7 I '  
. . . . . . . . . .  - , - - 23a & ar 

. . . . .  ~ 5)/ , ,  ,, ?:~b 

~{: , . ,  1 f ~ %. . . . . . . .  2:< 
f4 

{ s i n g  eou :mons  (2(}? | 2 3 c } .  d:e n r o c e d m e  ~ 

fred a so|m~o~? H:c|u {e~ [be |o | |owH]g ,~el~,< 

~15 /~'i,< talc:Added ~Hh an mum~ vaim: of.Xj 

T h e n  .7 is calculamd I tem F(~ 22 At :his t ime 

g~. are die g:ven Imk [ene~h~ and ~{' mida 

vamc~, are used :o ~,egermme r a n d  / r  m~*, case 

t~" iS 17o:  : z e r o  W ~ k [ O g  

2~ Subsdmti~ ~_, d:e ~ex~ jI/and / in to  bq 2/ 

~ q v e s  >~ Rew ,~( 

(~i{) ( a / cu lx i e  /~'arn ~ w{lh t h e  ne~ 7~' \1 {h> 

rune. / . . ,are [he updated  hnk [eng{hs. aim / a n d  A* 

are ob ta ined  w~h the n e ~  A 

@ a olerance ~ ~hc norm of I c~s ~cL H :h< 

norm of P' :s  nor w:[hin ~he io[c'ranee wc >~ho::hl 

~{(;* D;.IC.K : 0  S { C ?  (:}}. o t [ l e r w : s e  }[k:FgU: ):1 /S M{ [} : ) ed  

am~ :he dna{ value o f  X rep:cscms d~e posmo:-  

and oHemat ion  Of the ~lat{Brm 

~:;) ['he recent X will be used ks dr: tmtial pore: 

~*r ~{le rlex: s : e p  

& 3  E r r e r  a s a l y s l s  e e s s : d e r i s g  j o i s t  

e l e a r ~ e c e s  

r h e  ~nk  length is defined as fl:e d~s:ance b e  

:wren the emer  o f  d ie  univer al ]o im a~d  U~e 

eemer  o f  the spherical  jo in t  d m t  are a t tached  tu  

fl~e end 0F~he 1ink. A universa{ jo{nt has ~wo r o d  

that  a re  a s s e m b b d  hire  the ho:es,  The  rods  rota~e 

inside the ho les  and there exist clearances between 

t h e m  Beea l se  of  t h e  clearance;  the cemer  o f  

mAversaA }aim deviates  f rom an  ideal  pesk ie r :  

and t h s  dev ia t i on  aMecks the errors  Of t he  e n d  

effee~or; Because ~he clearance restrk'~s Ule mor ion  

of  ~ods, t he  ren ter  of  two  rods  in ~he m h . e f s a l  

]ola t  is locak-d w h h h :  a sphere  as s h o w n  in  

Fig: 7 a ) ,  T h e  radius  o f  the sphe>e is  equal  tO 

Copyright (C) 2003 NuriMedia Co., Ltd. 

:he c ear:moo and :: Is denoted by ~'~, When :}l~ 

m~ameu by ]stag [~(I a~ A : a o  t~ sFherical  iota 

has ~ c]earam:e ~ha{ de~ la~es []om ~:s ~dea] cemc 

a s  d : O W ~  ~ :  , }? - k ~ e C a L I S e  ~ " h e  d e ~ l a i ~ o ~ /  

~]e u'ioIio~] o f  ~ n e  % J } e r i c a ]  i o ] ~ ) t  c e m e ~  , .  : ~ s  

..... % . .  

a c : u a  ceme~ "- 
ins ide m6 sonata 

k'ig~ 7 ( a v ~earanc~ 

@ 

cen te r  

aotua l  oen te [  '~-,-, ....................... 
( ns ide  the sphe re }  

Fi 8, ?(b C':le~ra~:ce of  : ,qJ:e~ici! i0in~ and posi 

i i i m  e~roi hound of  d:e )e~st cenks' 
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~mc~ed w ~ t h m  a , o h e r e  w i t h  r a d i u s  c :  w h e r e  t h e  

s u b s c r i m  p d e n o i e s  d~e m o v i n g  ~ l a l l b r m  

:~t t h e  p rev i{~us  r e s e a r c h  o f  t h e  e r r o r  o t  t h e  

p a r a / i e l  m a n  p u h t o r .  T a ) s m  Xra i  a ~ d  F i m o  

R o p p o n e n  s u g g e s t e d  ~he omt e r r o r s  a n d  hnl 

l e n g t h  e r r o r s  c o u l d  a c q m r e  t h e  e r r o ~  m t h e  

p a r a l l e l  m a m p u l a ~ o ~  T h e  w e l l - k n o w n  e r r o r  

e e l l i a l l o r [  b} t hem i s  r e p r e s e m e d  ,,~ 

,~)A- A-'<3"/~-J~ ]eSP 24 

x h e r e  ~ -  Z J  // ,~)<g:}; '  < : : ~ a > ,  3 X = "  U : ; # '  
1 

I,,= z / I < - z /  < m  ........ D~=I U %  
l i b  t:::~/: 

/ ~ X  i ~ c m d e s  m e  p o s m o n  a ) m  o r i e n | a / i o n  e r r o r s  

I[i it ~ire ~ e p r e s e m e d  as  f ,  x i v e c t o r ,  a n d  ] 

i n c l u d e . ,  . r u n i t  h n k  l e n g m  v e c t o r s  a r i a  d'~e 

c r o s s  p r o d u c l  {)f ~ - ; x &  ~ a s  t} ;x.6 s q u a r e  m a t r i x  

c~h is  t h e  h n k  l e n g t h  e r r o r  r e p r e s e n t e d  ~: 6 ~ 1  

vec~ - a n d  f~ n c | u d e s  g , [ R  a n d  r  e x p r e s s e d  

~ v 36 m a r e •  E q u a H o n  24 m e a n s  t h a i  w e  

c a n  l i n d  d~e ~ e r r o r s  o [  t h e  e n d - e f l i m t o r  ~ p o s >  

aon e r r o r ~  a n d  3 o r i e m m i o n  e r r o r s  b? ,W. t h e  

Imk l e n ~ m  e r r o r  a n d  lib (iomt e r r o ~  H o w e v e r  

I~k 2 4  w o u l d  ? o l  b e  ~he exac~  r e s u H -  b e c a u s e  

m e  r a n g e  d ~ r e c t i o n  a n d  rna.~ / i~ude  o f  t h e  l o m ~  

e r r o r s  ~ h o u l d  {~e a s s u m e d .  B u t  ~ve s u g g e s t e d  t h e  

l b l / o w ~ g  m o d e l  ro  h r u  t h e  m u c h  m o r e  accura te  

e r~<-  m o d e l  W h e n  ~ h e  p l a t f o r m  nqove~,  t h e  e a c h  

l i n k  h a v e  ~'ne c o m p r e s s t o n  f o r c e  o r  ~ e n s i h  o l o r c e  

a l o n g  t h e  h n k  I e n ~ t h  d , r e c m m  a n d  t h e  t h r e e  w , H  

d e t e r m i n e  t h e  size? a n d  d l r e c t t o n  o f  ]om~  e r r o r s  if  

w e  k n o w  t h e  m a x m < m m  c l e a r a n c e  o f  t h e  u m v e r s a l  

} o i m s  a n d  b a l l  ~ o i n l s  

g h e  r e / a t ~ o n s I ~ p  n m w e e n  l i nk  l b r c c  c, a n d  

a c t u a l  S ink  [ e t : ~ m  1o, c a n  b e  e x n r e s s e d  

] )  W h e r l  E, h a s  <~gl) 

< heea ' b  r r :: - "  t i p S #  

25 
:,>: =: 1.,,, r [ (% 01- {7:~ 

2 W h e n  ha , ,  --- s i g n .  

(%::--- - C : , s  (":: .<i ' :=:  1" ) C:>Zi, 
26 

t v ~ l e r ~ .  ~" ~ [~ ~ h e  n r o l l o n  el-roy v e c [ o t  o~  ;I 

u m ~ e r s M  ~ o m t  o n  ~ h e  b a s e  p / a d 0 r m .  ~ h e ,  .~ ~s t h e  

m o t i o n  e r r , , ,  v e t [ o r  o f  ,, s p h e r i c a l  ~ o m ~  o n  t h e  

m o w n ~  p l a t f o r m  a n d  w h e r e  [~;~ ~ a n  ac~Hat  m k  

{ e n a t h  a n d  L, is  a n o n ~ i n a l  h n k  l e n g d ' L  A n d  [ h e  

~ g u  o f  ~E, ~ ~p:e~ a c r ~ t e r l o n  w h e t h e r  n ~s ~ ~ l s i l e  o r  

c o l n p [ e s M o n  [{wee a n d  n u t e c ~  the ]o in~  e r r o r  

[ h e  icnm e r r o r s  ca r [  b e  r e g a r d e d  a s  m e  pa r~  o f  

t h e  U n k  l e n g t h  e r r o r s  b e c a u s e  t h e  d h e c t i o n s  o f d ~ e  

j o i n t  e r r o r s  a r e  t h e  ~ a m e  as  t h o s e  o f  Mink le~ lg{ l  

d i r e c t i o r ~ s .  W i t h  ni l  l h e s e  r e s u h s  w e  c a n  ve r [1 ,  t h e  

t b l l o w m g  e q u a t i o n  

X ....... = Xoi h.Y 
27 

-X ,a -  L <:&+]~ / * ~  

1 0 m l  e r r o r s  a r e  ~l~e par~ o l ~ h e  h n .  e ~ [ o r s ,  el:; 

w ~ l  n e  zero.  f h e n  w e  r e a r r a n g e  E o  !7 . ~  

X. , . , , ' ; :=X; .~  / ? X  = X . . -  I ~,W 

X ] 31: 

[ ' h a l  in. t h e  a c t u a l  Mink l e n g t h  d e p e n d s  on t h e  

d i r e c t i o n  o f  ~o rce  a c i n g  o n  m e  l i n k  

F h e  u j o i n t  c l e a r a n c e  m d  t h e  s p h e r i c a }  ] o m ~  

c l e a r a n c e ,  w h i c h  a r e  l o c m e d  o n  bo th  e n d -  o~ e l c b  

Mink a r e  i n c l u d e d  m the  Mink e r r o r  ~ e r m s  a n d  l~ 

c h a n g e s  t h e  )h~ro  s t e p  ;( f o r  l ] n d i n g  t i l e  s o l u  

~ ton  o~ the | b r w a r d  ~ m e m a ~ l c s :  h e  t e a  h n k  

l e n g t h  {/~,~) s b o u k l  be  s u b s t i t u t e o  m { o  ' ~Mel 

t h i s  m o d i f i c a t i o ~  w,e can h n d  t h e  e x a c t  ,.., a~ 

p o s ~ H o n  un( l  o r t e n l a [ I o n  of t h e  end -e l~k~c fo r  

A t  t h e  s t a t e d  d a i r d  s t e p  , t x  w~ ~u~s[~H ~e m~c 

[ .  w i r e  /, ~o h n d  t h e  n o m i n a l  p o s m o n  a n d  

o r t e n t  Hem o f  t h e  e n u - e H e c t o r  w h i c h  u o e ~  no~ 

c o n t a i n  a n y  e r r o r s  e~< s u c h  {he d d f e r e n c e  o e -  

l % e e n  Hie  n o m i n a l  p o s i t i o n  a~]o o [ / e n r a l l o n  ..nQ 

tile actual position a n d  orientadon ,- m[ zr~cn 

o f  l h e  e n d - e f l e c t o f .  T h e  r e s u l t  c a n  b e  e x p r e s s e d  ,,~s 

l b l l o w s  

S i n c e  the e r r o r -  d u e  t o  h n k  c o m p h a n c e  ~ : v  . . . .  

b q  I4 /  } a n d  ]{m~t  c l e a r a n c e  A . X  iv ~-~. ( 2 9  

a r e  m d e p e n d e m  e a c h  o l t l e r  b o t h  c a n  b e  

c o m m n e d  a i d  t h e  t o t a i  e r r o r s  o f  e n d  e f l ) c t o r c a n  

be  r e p r e s e n t e d  as f o l l ~ w , s  

AN <..,.::~v. + A X  

5~ Case Study 

A ,MmUh4tlOn [e~;t {~; ~ ]er tormed wt{h the : / l  ~lc 

p a r a U e |  m e c h a m s m .  [ h e  p a r a m e t e r s  a t :  ~:ve}~ ~ 
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l ? a l s i e  2, [ ' a b l e  3, ~ %  8,' a n d  E i g  9 

A s  t~e  f i rs t  t e s t  t i l e  p i a d b r m  {S diq~,er~ : f long 

c i r c ~ / a ~  p ~ t h  ( r ~ d i t i s  o i  1 0 c m )  w t h  ~ c o n s ~ a ~ t  

*~aNe 2 K i ~ e m a d C  parame~e~ ~,alues o f  c~bie 

W e i s  Of pl ~d'Oim '~ 47 068N 
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c e n t H | u e . a [  a ~ c e | e r a | m n  t ,  [Orad ~ec x o]~ . m3r~ 

zoma~{ ~}~aHe 4 ] O m m .  Fhe e~rors are 

~;~]vz~x~ bx c o n s / d e r H  g the du 'ec l l (} l~s  o~ acl~18 o~ 

H~'~g >~ces ~ :~g~>  ~ ~Bd ~ s h o w  ~e  k*caHo~ls  

fl~e . m w e r s a ]  ~ }m~s a ~ d  d~e e ~  ~}heres. 

~Be v a r i a b l e s  cz. A c .  d ' .  ~ t .  , ~  ..... @ 

alia - >~ c a n  b e  cha*~ged  a c c o r d i , ' l ~  l o  d e s / e r a  [ hen 

m e  m a ~ m m l e s  ;m{l m r e c H o n s  r / o r g e s  c a n  b e  
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